Abstract. This paper presents various semantics in the branching-time spectrum of discrete-time and continuous-time Markov chains (DTMCs and CTMCs). Strong and weak bisimulation equivalence and simulation pre-orders are covered and are logically characterised in terms of the temporal logics PCTL and CSL. Apart from presenting various existing branching-time relations in a uniform manner, our contributions are: (i) weak simulation for DTMCs is defined, (ii) weak bisimulation equivalence is shown to coincide with weak simulation equivalence, (iii) logical characterisation of weak (bi)simulations are provided, and (iv) a classification of branching-time relations is presented, elucidating the semantics of DTMCs, CTMCs and their interrelation.
Introduction
Equivalences and pre-orders are important means to compare the behaviour of transition systems. Prominent branching-time relations are bisimulation and simulation. Bisimulations [36] are equivalences requiring related states to exhibit identical stepwise behaviour.
Simulations [30] are preorders requiring state s ¼ to mimic s in a stepwise manner, but not necessarily the reverse, i.e., s ¼ may perform steps that cannot be matched by s. Typically, strong and weak relations are distinguished. Whereas in strong (bi)simulations, each individual step needs to be mimicked, in weak (bi)simulations this is only required for observable steps but not for internal computations. Weak relations thus allow for stuttering.
A plethora of strong and weak (bi)simulations for labelled transition systems has been defined in the literature, and their relationship has been studied by process algebraists, most notably by van Glabbeek [22, 23] . These "comparative" semantics have been extended with logical characterisations. Strong bisimulation, for instance, coincides with CTL-equivalence [13] , whereas strong simulation agrees with a "preorder" on the universal (or existential) fragment of CTL [15] . Similar results hold for weak (bi)simulation where typically the next operator is omitted, which is not compatible with stuttering.
For probabilistic systems, a similar situation exists. Based on the seminal works of [31, 35] , notions of (bi)simulation (see, e.g., [2, 7, 8, 11, 12, 24, 27, 28, 32, 38, 40, 41] ) for models with and without nondeterminism have been defined during the last decade, and various logics to reason about such systems have been proposed (see e.g., [1, 4, 10, 26] ). This holds for both discrete probabilistic systems and variants thereof, as well as systems that describe continuous-time stochastic phenomena. In particular, in the discrete setting several slight variants of (bi)simulations have been defined, and their logical characterisations studied, e.g., [3, 17, 21, 19, 40] . Although the relationship between (bi)simulations is fragmentarily known, a clear, concise classification is -in our opinion -lacking. Moreover, continuous-time and discrete-time semantics have largely been developed in isolation, and their connection has received scant attention, if at all. This paper attempts to study the comparative semantics of branching-time relations for probabilistic systems that do not exhibit any nondeterminism. In particular, time-abstract (or discrete-time) fully probabilistic systems (FPS) and continuous-time Markov chains (CTMCs) are considered. Strong and weak (bi)simulation relations are covered together with their characterisation in terms of the temporal logics PCTL [26] and CSL [4, 10] for the discrete and continuous setting, respectively. Apart from presenting various existing branching-time relations and their connection in a uniform manner, several new results are provided. For FPSs, weak bisimulation [7] is shown to coincide with PCTL ÒX -equivalence, weak simulation is introduced whose kernel agrees with weak bisimulation, and the preorder weakly preserves a safe (live) fragment of PCTL ÒX . In the continuous-time setting, strong simulation is defined and is shown to coincide with a preorder on CSL. These results are pieced together with various results known from the literature, forming a uniform characterisation of the semantic spectrum of FPSs, CTMCs and of their interrelation.
Organisation of the paper. Section 2 provides the necessary background. Section 3 defines strong and weak (bi)simulations. Section 4 introduces PCTL and CSL and presents the logical characterisations. Section 5 presents the branching-time spectrum. Section 6 concludes the paper. Some proofs are included in this paper; for remaining proofs, see [9] .
Preliminaries
This section introduces the basic concepts of the Markov models considered within this paper; for a more elaborate treatment see e.g., [25, 33, 34] . Let AP be a fixed, finite set of atomic propositions.
Definition 1. A fully probabilistic system (FPS) is a tuple D ´S P Lµ where:
-S is a countable set of states In unif´C µ all rates of self-loops are "normalised" with respect to E, such that state transitions occur with an average "pace" of E, uniform for all states of the chain. We will later see that C and unif´C µ are related by weak bisimulation.
Paths and the probability measures on paths in FPSs and CTMCs are defined by a standard construction, e.g., [25, 33, 34] , and are omitted here.
Bisimulation and simulation
We will use the subscript "d" to identify relations defined in the discrete setting (FPSs or DTMCs), and "c" for the continuous setting (CTMCs). Weak bisimulation. In this paper, we only consider weak bisimulation which relies on branching bisimulation in the style of van Glabbeek and Weijland and only abstracts from stutter-steps inside the equivalence classes. While for ordinary transition systems branching bisimulation is strictly finer than Milner's observational equivalence, they agree for FPSs [7] , and thus for CTMCs. The condition on the rates which replaces the reachability condition in FPSs states that s 2 is "faster than" s 1 in the sense that the total rate to move from s 2 to (the δ 2 -part of) the U 2 -states is at least the total rate to move from s 1 to (the δ 1 -part of) the U 1 -states. Note 
Logical characterisations
PCTL. In Probabilistic CTL (PCTL) [26] , state-formulas are interpreted over states of a FPS and path-formulas are interpreted over paths (i.e., sequences of states) in a FPS. The syntax of PCTL is as follows 1 , where ¢ ¾ :
where p ¾ 0 1℄ and a ¾ AP. The satisfaction relation is similar to CTL, where s P ¢p´ϕ µ iff Pr´s ϕµ ¢ p. Here, Pr´s ϕµ denotes the probability measure of the set of paths starting in state s fulfilling path-formula ϕ. As in CTL, X is the next-step operator, and the path-formula Φ U Ψ asserts that Ψ will eventually be satisfied and that at all preceding states Φ holds (strong until). W is its weak counterpart, and does not require Ψ to eventually become true. The until-operator and the weak until-operator are closely related. For any PCTL-formula Φ and Ψ the following two formulae are equivalent:
A similar equivalence holds when the weak until-and the until-operator are swapped. [10] is a variant of the (identically named) logic by Aziz et al. [4] and extends PCTL by operators that reflect the real-time nature of CTMCs: a time-bounded until-operator and a steady-state operator. We focus here on a fragment of CSL where the time bounds of (weak) until are of the form " t"; other time bounds can be handled by mappings on this case, cf. [6] . The syntax of CSL is, for real t, or t ∞:
CSL. Continuous Stochastic Logic (CSL)
The bounded until-operator [26] is omitted here as for weak relations, FPSs are viewed as being time-abstract. For the strong relations on FPSs, this operator could, however, be considered without any problem.
To have a well-defined steady-state operator it is assumed that the steady-state probabilities in the CTMC do exist for any starting state. Intuitively, S ¢p´Φ µ asserts that on the long run, the probability for a Φ-state meets the bound ¢p. The path-formula Φ U t Ψ asserts that Ψ is satisfied at some time instant before t and that at all preceding time instants Φ holds (strong until). The connection between the until-operator and the weak until-operator is as in PCTL.
Logical characterisation of bisimulation. In both the discrete and the continuous setting, strong bisimulation ( d and c ) coincides with logical equivalence (in PCTL and CSL, respectively) [3, 6, 19] . For weak bisimulation, the next-step operator is ignored, as it is not invariant with respect to stuttering. Let PCTL ÒX denote the fragment of PCTL without the next-step operator; similarly, CSL ÒX is defined. PCTL ÒX -equivalence (denoted PCTL ÒX ) and CSL ÒX -equivalence ( CSL ÒX ) are defined in the obvious way. 
Proof. By induction on the syntax of Φ. For the propositional fragment the result is obvious. For the S-and P -operator, we exploit the fact that steady-state and transient distributions in C and unif´C µ are identical, and that the semantics of U t and W t agrees with transient distributions [6] . Safe and live fragments of PCTL and CSL. In analogy to the universal and existential fragments of CTL, safe and live fragments of PCTL and CSL are defined as follows. We consider formulae in positive normal form, i.e., negations may only be attached to atomic propositions. In addition, only a restriced class of probability bounds is allowed in the probabilistic operator. The syntax of PCTL-safety formulae (denoted by Φ S ) is as follows:
PCTL-liveness formulae (denoted by Φ L ) are defined as follows:
As a result of the aforementioned relationship between U and W , there is a duality between safety and liveness properties for PCTL, i.e., for any formula Φ S there is a liveness property equivalent to Φ S , and the same applies to liveness property Φ L . Safe and live fragments of CSL are defined in an analogous way, where the steady-state operator is not considered, see [8] . [17] for a variant of Hennessy-Milner logic. The fourth result has been reported in [8] . The same proof strategy can be used to prove the second and third result [9] . We conjecture that the converse of the third and fourth result also holds. 
The branching-time spectrum
Summarising the results obtained in the literature together with our results in this paper yields the 3-dimensional spectrum of branching-time relations depicted in Fig. 1 . All strong bisimulation relations are clearly contained within their weak variants, i.e., R ¼ means that R is finer than R ¼ , while R R ¼ means that R is not finer than R ¼ . The dashed arrows in the continuous setting refer to uniformised CTMCs, i.e., if there is a dashed arrow from R to R ¼ , R is finer than R ¼ for uniformised CTMCs. In the discrete-time setting the dashed arrows refer to DTMCs without absorbing states. Note that these models are obtained as embeddings of uniformised CTMCs (except for the pathological CTMC where all exit rates are 0, in which case all relations in the picture agree). If a solid arrow is labeled with a question mark, we claim the result, but have no proof (yet). For negated dashed arrows with a question mark, we claim that the implication does not hold even for uniformised CTMCs (DTMCs without absorbing states). The only difference between the discrete and continuous setting is that weak and strong bisimulation equivalence agree for uniformised CTMCs, but not for DTMCs without absorbing states.
The weak bisimulation proposed in [2] is strictly coarser than d , and thus does not preserve PCTL ÒX . The ordinary, non-probabilistic branching-time spectrum is more diverse, because there are many different weak bisimulation-style equivalences [23] . In the setting considered here, the spectrum spanned by Milner-style observational equivalence and branching bisimulation equivalence collapses to a single "weak bisimulation equivalence" [7] . Another difference is that for ordinary transition systems, simulation equivalence is strictly coarser than bisimulation equivalence. Further, in this non-probabilistic setting weak relations have to be augmented with aspects of divergence to obtain a log-ical characterisation by CTL ÒX [37] . In the probabilistic setting, divergence occurs with probability 0 or 1, and does not need any distinguished treatment.
Concluding remarks
This paper has explored the spectrum of strong and weak (bi)simulation relations for countable fully probabilistic systems as well as continuous-time Markov chains. Based on a cascade of definitions in a uniform style, we have studied strong and weak (bi)simulations, and have provided logical characterisations in terms of fragments of PCTL and CSL. The definitions have three ingredients: (1) a condition on the labelling of states with atomic propositions, (2) a time-abstract condition on the probabilistic behaviour, and (3) a modeldependent condition: a rate condition for CTMCs (on the exit rates in the strong case, and on the total rates of "visible" moves in the weak case), and a reachability condition on the "visible" moves in the weak FPS case. The strong FPS case does not require a third condition.
As the rate conditions imply the corresponding reachability condition, the "continuous" relations are finer than their "discrete" counterparts, and the continuous-time setting excludes the possibility to abstract from stuttering occurring with probability 1. 2 While weak bisimulation in CTMCs (and FPSs) is a rather fine notion, it is the best abstraction preserving all properties that can be specified in CSL (PCTL) without next-step.
